This sum was rst studied by Dedekind because of the prominent role it plays in the transformation theory of the Dedekind eta-function, which is a modular form of weight 1/2 for the full modular group SL 2 (Z). There is an extensive literature about the Dedekind sums. Rademacher 8] has written an introductory book on the subject. The most famous property of the Dedekind sums is the reciprocity formula s(h; k) + s(k; h) = h 2 + k 2 + 1 12hk ? 1 4 for positive coprime integers h and k. A three term version of this formula was discovered by Rademacher (see Lemma 1) .
Some of the research on the Dedekind sums has involved the question of the distribution in the plane of the points (h=k; s(h; k)). (Note: it can be shown that s(h; k) = s(gh; gk) so that s is really a function on the rationals.) It is known that these points are dense in the plane. Recently Vardi 9] has shown that the numbers s(h; k)= log k with 1 h k, 1 k K, and (h; k) = 1 have a limiting distribution (the Cauchy distribution) as K ! 1. In particular, for almost all fractions on 0; 1] with denominator K, it is the case that the Dedekind sum is bounded by log 1+ K for any > 0. In this paper, we are concerned with large values of Dedekind sums. We measure these by considering the 2mth moments of Dedekind sums averaged over reduced fractions in 0; 1] with denominator k. For simplicity, we at rst restrict our attention to prime k. Later we consider the case of composite k.
One should observe from the reciprocity formula that s( 1; k) = k 12 + O(1) so that the 2mth moment of the s(h; k) is trivially at least 2(k=12) 2m . In fact, this is the correct order of magnitude. If one studies a graph of s(h; k) for a large prime k, one sees a large positive spike near the origin corresponding to the large value of s(1; k) and a large negative spike near 1 corresponding to the large negative spike at (k ? 1)=k. Further inspection reveals a large positive spike to the right of 1/2, and a large negative spike slightly to the left of 1/2. There are other spikes near rational points with small denominators. These observations suggest that it might be possible to investigate the mean values in question via the circle method of Hardy and Littlewood. It turns out that it is possible to give a satisfactory proof of an asymptotic formula for the sum in question exactly along these lines. The proof is quite short, possibly the shortest example of a proof that uses these techniques.
We Here d(n) is the number of positive divisors of n. The sum here is well known to be (2) 4 = (4). Theorem 1. Suppose that k is a large prime number. Then,
Remark.
In an e ort to keep the exposition relatively straightforward we have not tried to obtain the best possible error terms here. With more work we can obtain the error term k 2m?1+1=(2m) log 3 k for all m 1. This is Rademacher's famous formula for the Dedekind sums. We remark that the formula holds with one of the variables being negative, provided that we adopt the convention that if k > 0, then s(h; ?k) = ?s(h; k) ? 1=2. Lemma 2. Suppose that k 1 and that 1 h k with (h; k) = 1. Suppose that 1 q k with (q; k) = The last term here is independent of all of the variables of summation and so it's contribution to the sum is k 2m+1 =Q 2m 1 since the trivial estimate for the sum with summand 1 is 2k (using the earlier remark that any h=k belongs to at most two intervals I a;q ). The main di erence between this lemma and Lemma 2 is that in Lemma 2 we required that (q; k) = 1, whereas here we do not. The condition that j j not be too large is probably not really necessary. Now as a runs through a complete residue system mod q=g, so ?ak=g runs through a complete residue system mod q=g, since (k=g; q=g) = 1. As a runs from 1 to q, a runs over g complete residue systems mod q=g. Thus, the above is = 2g 1 We would like to thank Professor Martin Huxley for pointing out that Lemma 2 could be proven using Lemma 1, and similarly for Lemmas 7 and 8. Previously we had an adhoc method for proving Lemma 2 based solely on the reciprocity formula. We would also like to thank Ilan Vardi and the referee for helpful remarks.
